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DANIEL BELTITA 

Abstract. We set up an abstract framework that allows the investigation of Iwasawa decompositions 
for involutive infinite-dimensional Lie groups modeled on Banach spaces. As an application, we construct 
Iwasawa decompositions for classical real or complex Banach-Lie groups associated with the Schatten 
ideals &p{7i) on a complex separable Hilbert space 7^ if 1 < p < oo. 
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1. Introduction 

Our aim in this paper is to set up an abstract framework that allows the investigation of Iwasawa 
decompositions for involutive infinite-dimensional Lie groups modeled on Banach spaces. In particular 
we address an old conjecture on the existence of such decompositions for the classical Banach-Lie groups of 
operators associated with the Schatten operator ideals on Hilbert spaces (see subsection 8.4 of Section II.8 
in [Ha72 and Section [3] below) , and we show that the corresponding question can be answered in the 
affirmative in many cases, even in the case of the covering groups. 

The Iwasawa decompositions of finite-dimensional reductive Lie groups (see e.g., jlw49j . |He01j . and 
jKn96| ) play a crucial role in areas like differential geometry and representation theory. So far as differ- 
ential geometry is concerned, there exists a recent growth of interest in group decompositions and their 
implications in various geometric problems in infinite dimensions — see for instance |Tu05| . |Tu06j . and 
the references therein. From this point of view it is natural to try to understand the infinite-dimensional 
versions of Iwasawa decompositions as well; this problem was already addressed in the case of loop groups 
in |Ke04j and |BD01| . As regards the representation theory, it is well known that decompositions of this 
kind are particularly important for instance in the construction of principal series representations. And 
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there has been a continuous endeavor to extend the ideas of representation theory to the setting of infinite- 
dimensional Lie groups. Some references related in spirit to the present paper are [Se57| . [Ki73j . |SV75j . 
p78) [B580] plHS) . pl88) . [PiH90) . [5593] , |Nee98j . [N098] , |NRW01j . |DPW02j . |Nee04j . [GruOSj . 
|Wo05j ■ [BR07| ■ however this list is very far from being complete. In this connection we wish to highlight 
the paper |Wo05| devoted to an investigation of direct limits of (Iwasawa decompositions and) principal 
series representations of reductive Lie groups. The results of the present paper can be thought of as 
belonging to the same line of investigation, inasmuch as the construction of Iwasawa decompositions 
should be the very first step toward the construction of principal series representations for the classical 
Banach-Lie groups and their covering groups. 

Another source of interest in obtaining Iwasawa decompositions for infinite-dimensional versions of 
reductive Lie groups is related to the place held by reductive structures in the geometry of many 
infinite-dimensional manifolds — see for instance [CG99j and jNe e02b| . We refer also to the recent survey 
|Ga06j which skilfully highlights the special relationship between the reductive structures and the idea 
of amenability. That relationship also plays an important role in the abstract framework constructed 
in Section [2] of the present paper. It is noteworthy that reductive structures with a Lie theoretic flavor 
constitute the background of the papers ^Neu99j and [Neu02| as well, concerning convexity theorems 
(cf . [Ko73j , [LR91| , |BFR93| ) in an infinite-dimensional setting. 

The methods we use to set up the aforementioned abstract framework are largely inspired by the 
interaction between the theory of Lie algebras and the local spectral theory of bounded operators (see 
|BS01| ). These methods turn out to be particularly effective in order to identify what the third component 
of an infinite-dimensional Iwasawa decomposition should be, that is, the infinite-dimensional versions of 
nilpotent Lie groups and algebras. 

On the other hand, the applications we make to the classical Banach-Lie groups are naturally related 
to the theory of triangular integrals ( |GK70j . |EL72| . [Er78) . |Ara78| . |Da88| ) and to the theory of 
factorization of Hilbert space operators along nests of subspaces (^ |Arv67j . [GK70| . |Er72j . [Lar85j . [Po86j . 
|Pit88j ■ [MSS88j ). For the reader's convenience we recorded in Appendix A some auxiliary facts on 
operator ideals, in particular the factorization results suitable for our purposes. 

Rough decompositions. Here we show a sample of pathological phenomenon one has to avoid in order 
to obtain smooth Iwasawa decompositions for infinite-dimensional Lie groups. 

Proposition 1.1. LetTi be a complex separable Hilbert space with an orthonormal basis {S,j}o<j<uj, where 
Lu G NU{Ho}. Then consider the Banach-Lie group G := GL(?i) consisting of all invertible bounded linear 
operators on Ti, and its subgroups 

K :={fc £G\k*k = 1}, 

A :—{a G G \ aS,j € whenever < j < uj}, and 

N :={n e G \ n^j G S,j + span{^; | ^ < j} whenever < j < w}}. 
In addition, consider the Banach-Lie algebra q — B(Ti.), with its closed Lie subalgebras 
t ■.={X eg\X* ^ -X}, 

a '■={¥ e g I YS^j E M^j whenever < j < uj}, and 
n ■={Z e g I Zi^j e span{,^/ M < j} whenever < j < u;}}. 
Then the following assertions hold: 

• K , A, and N are Banach-Lie groups with the corresponding Lie algebras t, a, and n, respectively, 
and the multiplication map m: K x A x N G, {k,a,n) i-^ kan, is smooth and bijective. 

• The mapping m is a diffeomorphism if and only ift + a-\-n = Q, and this equality holds if and 
only if the Hilbert space Ti is finite- dimensional. 

Proof. It is straightforward to prove that m is injective since K{^AN = {1}. To prove that m is surjective 
as well, we can use the unital Banach algebra *8 = {6 G S(7Y) | fe^j e span{^/ | < ^ < j} if < j < u}. 
Denote by 05^ the group of invertible elements in *B. It was proved in |Arv75| and [Lar85| that for every 
g £ GL(7Y) there exist k G K and b e such that g = kb. It is easy to see that 53^ C KAN, hence 
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g — kb E KAN ~ m{K x Ax N). The fact that K, A, N are Banach-Lie groups with the corresponding 
Lie algebras t, a, and n, respectively, and follows for instance by Corollary 3.7 in |Be06| . and in addition 
the inclusion maps of K, A, and N into G are smooth. It then follows that the multiplication map 
m: K X A X N ^ G is smooth as well. 

In order to prove the second assertion note that the tangent mapping ^ i)m: Jxaxn^gis given 
by {X, Y, Z) 1-^ Z + Y + Z, hence m is a local diffeomorphism if and only if t + a + n = g. Since we 
have already seen that m is a bijective map, it follows that the latter direct sum decomposition actually 
holds if and only if m is a diffeomorphism. Next note that if dim H < oo then we get t + a + n = g 
by an elementary reasoning (or by the local Iwasawa decomposition for the complex finite-dimensional 
reductive Lie algebra g; see e.g., |Kn96| ). 

Thus, to complete the proof, it will be enough to show that if the Hilbert space H is infinite-dimensional, 
then g\ (?-|- a + n) 7^ 0. In fact, for j, / S N denote hji — if j ~ I and hji — — I) if j ^ I. Then there 
exists W € B{TL) whose matrix with respect to the orthonormal basis {CjljeN is {hji)j^i^iq, and in addition 
W* — —W and there exist no operators Zi, Z2 G n with W = Z\ — Z2 (sec Example 4.1 in |Da88j ). Now 
it is easy to see that iVF ^ t -I- a + n. In fact, if iW ^ X + Y + Z with X e i, Y e a, and Zen, then 
iW = {iWy = X* + Y* + Z* ^ -X + Y + Z*. Thence 2iT4^ = 2Y + Z + Z* . Since the matrix of W has 
only zeros on the diagonal, we get Y ^ 0, whence 2iW = Z + Z* . Then W = (-(i/2)Z) - (-(i/2)Z)*, 
and this contradicts one of the above mentioned properties of W. Thus iW E g\ {t + a + n), and this 
completes the proof. □ 

2. Iwasawa decompositions for involutive Banach-Lie groups 

In this section we sketch an abstract framework that allows to investigate Iwasawa decompositions 
for involutive infinite-dimensional Lie groups modeled on Banach spaces. We will apply these abstract 
statements in Sections IH [SJ and [6] in the case of the classical Banach-Lie groups associated with norm 
ideals. The central idea of this abstract approach is that the local Iwasawa decompositions can be 
constructed out of certain special elements of Lie algebras, which we call Iwasawa regular elements 
(Definition 

Preliminaries on local spectral theory. Throughout the paper we let R, C, and H stand for the 
fields of the real, complex, and quaternionic numbers, respectively. 

For a real or complex Banach space X we denote either by idx or simply by 1 the identity map of X, 
by X* the topological dual of X, by B{X) the algebra of all bounded linear operators on X and, when X 
is a complex Banach space, we denote by (j{D) the spectrum of D whenever D G S(X) . In this case, for 
every x G X we denote by (Td(x) the local spectrum of x with respect to D. We recall that cr_D(x) is a 
closed subset of a{D) and w £ C \ (T_D(a;) if and only if there exists an open neighborhood W of w and a 
holomorphic function W X such that {zidx — D)^{z) = x for every z G W. If C C we denote 

Xd(F) = {:eGX|(Td(2:)CF}. 

We note that, in the case when X has finite dimension m, we have 

^d{F) ^ Ker {{D - XidxD for every FCC, 
\eFna{D) 

while if X is a Hilbert space and Z? is a normal operator with the spectral measure E£i{-), then 

Xd{F) ~ Ran£'£)(F) whenever F is a closed subset of C. 

See §12 in [BSOl] for a review of the few facts needed from the local spectral theory. (More bibliographical 
details can be found in the Notes to Chapter I in [BSOl] .) 

Projections on kernels of skew-Hermitian operators. 

Notation 2.1. The following notation will be used throughout the paper: 

• For every complex Banach space X we denote -^^(K) ■— {/: K — > X | ||/||oo := sup||/(-)|| < 00}, 

R 

which is in turn a complex Banach space. 
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• We pick a state /i: ^c^(K) ^ C of the commutative unital C*-algebra ^c'(R) satisfying the 
translation invariance condition 

(V/ e i^m) (Vi e R) - + 1)) 

and the symmetry condition 

(V/ e ^^(R)) = 

(See Problem 7 in Chapter 2 of [Pa88] .) For every / e ^g'(R) we denote = / f{t)dfi{t). 

• For every complex Banach space X and every / g ^|^(R) we define = / /(t)d/i(t) G X** by 

K 

the formula 

= / ¥'(/(i))dMW 

R 

whenever ip £ X* (see |BP07] ). 

□ 

Definition 2.2. Let Xq be a real Banach space with the complexification X = (Xo)'' = Xo + iXo, which 
is a complex Banach space with the norm given by \\yi + ij/2|| '■— sup \\{cost)yi + (sint)?/2|| for all 

te[0,2Tr] 

2/1, 2/2 G Xq. Assume that A; Xo ^ Xo is a bounded linear operator such that sup || cxp(/;yl)|| < oo, and 

teK. 

denote hy A: X — > X the C-linear extension of A: Xo — » Xq. In this case we define 
X\ := XA(i[0,c»)) = |y e X I limsup i log ||(exp(itA))y|| < o| 

(see also Remark 1.3 in |Be05| ). Now assume that Xq is a reflexive Banach space. Then X will be a 
reflexive complex Banach space, and there exists a bounded linear operator Vx.a : X — > X such that 



(Vy e X) Vx,Ay = J {exp{tA))ydfi{t). 



In addition, we define X°;^ :— Xt n KeiVx^A- D 



It is easy to see that Vx^a^o ^ ^o, and we shall define T^Xq^a ■— 'Dx,a\x 

"■A ■— -^-A 

Remark 2.3. In the setting of Definition 12.21 we have {'Dx,a)'^ — 1^x,A, ^s.n'Dx.A = KerA C X, and 
RanD3e„,A = (Ker^) nXo (see [BP03). , , , ^ 

Elliptic involutive Banach-Lie algebras and abstract Iwasawa decompositions. 

Definition 2.4. Let go be an involutive real or complex Banach-Lie algebra, that is, Qq is equipped 
with a continuous linear mapping X i-^ X* such that {X*)* — X and [^^r, F]* = — whenever 
X,Y G Qq. If go is a complex Banach-Lie algebra, then we assume in addition that (iX)* = —iX* for all 
X e So- 

We say that go is an elliptic involutive Banach-Lie algebra if || exp(t • adg^X)!] < 1 whenever < € R 
and X = ~X* € go- □ 

Remark 2.5. In the special case of the canonically involutive real Banach-Lie algebras (that is, X* = —X 
for all X E go) the above Definition 12.41 coincides with Definition IV. 3 in [Nee02bj (or Definition 8.24 in 
[Be06] '). □ 

Definition 2.6. Let go be an elliptic real Banach-Lie algebra with the complexification g, and denote 
po := {X G go | X* = X}. An Iwasawa decomposition of Qq is a direct sum decomposition 

(2.1) go = «o + ao + no 

satisfying the following conditions: 

(j) We have io = {X e go \ X* = -X}. 
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(jj) The term ao is a linear subspace of po such that [ao, ao] = {0}. 

(jjj) There exists Xq £ ao such that ao — axo and no = nxo, where axg = po H Ker(adXo) and 

In this case we say that Xq is an Iwasawa regular element of go and (|2.1|) is the Iwasawa decomposition 
of Qo associated with Xq. In the case when all of the conditions ()2.ip and (j)-(jjj) are satisfied perhaps 
except for (jj), we say that Xq is an Iwasawa quasi-regular element (and (j2.ip is still called the Iwasawa 
decomposition of go associated with Xq). 

Now let us assume that G is a connected Banach-Lie group with L(G) = go and K, A, and N are the 
connected Banach-Lie groups which are subgroups of G and correspond to the Lie algebras 60 : ^o, and 
no, respectively. If the mapping 

(2.2) m-.KxAxN—^G, {k,a,n) kan 

is a diffeomorphism, then we say that this mapping is the global Iwasawa decomposition of G corresponding 
to (1131). □ 

Remark 2.7. In the setting of Definition 12.61 if ^0 is an Iwasawa regular element then it is easy to see 
that axo is a maximal linear subspace of po such that [axoj iXn] = {0}, while nxa is a closed subalgebra 
of go (see also [Be05 ). □ 

Remark 2.8. In the setting of Definition 12. 6[ it is easy to see that all of the groups K, A, and N are 
Banach-Lie subgroups of G. (See |Up85| or [Be06j for details on the latter notion.) □ 



Proposition 2.9. In the setting ofDefinition l2.6l let us assume that the Banach-Lie algebra Qq is actually 
an elliptic involutive complex Banach-Lie algebra. Then for every X £ pQ and every closed subset F of 
R we have go n Qad^xiF) = {go)ad^gx{F). 

Proof. Since go is an elliptic Banach-Lie algebra, it follows that adg^X: go ^ go is a Hermitian operator 
(see Definition 5.23 in [Be06| V If g stands for the complexification of go, then adgX : g ^ g is Hermitian as 
well. In particular, there exist quasimultiplicative maps ^'adg^x : C°°(M) B{qq) and ^'ad^x : C°°(M) 
B{q) such that ^'adBQx(idR) = adg^X and ^'ad5x(idR) = adgX, respectively. The m aps "^ad^^x and 
^'adgX can be constructed by the Weyl functional calculus as in Example 5.25 in [Be06j . 

Now let t: go ^ g be the inclusion map. Then l{X) — X, hence Remark 5.19 in [Be06j shows that for 
every closed subset of R we have i((go)adj,^x(i^)) C Qad^xiF), whence (go)ad,„x(-F) C go n Qad^xiF). 

To prove the converse inclusion, denote by k: g ^ g, the conjugation on g whose fixed point set is go, 
and then define tt: g go, t^{Z) — {Z+k{Z))/2. Then tt{X) — X, whence 7ro(adgX) = (adg„X)o7r. Now 
Remark 5.19 in [Be06j again shows that for every closed subset of M we have TT{gadx{F)) C Qadg^xiF). 
Thence go n gadx(^') Q Sad.^xiF), and we are done. □ 

Remark 2.10. In the special case when dim go < 00 and F is a certain finite subset of M+, the conclusion 
of our Proposition 12.91 was obtained in Chapter VI, §6 of |He01j by using the structure theory of finite- 
dimensional complex semisimple Lie algebras. □ 

Proposition 2.11. Let g be an elliptic complex Banach-Lie algebra whose underlying Banach space is 
reflexive, and pick Xq = Xq G g. Assume that we have a bounded linear operator T G I3{q) such that 

r2 = f, 

(2.3) RanT = gadXo(»+), 

(2.4) Ran(l-T) C gadXo(-K+)- 

Then Xq is an Iwasawa quasi-regular element of q. Let 

(2.5) g=? + H + H 
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be the Iwasawa decomposition of q associated with Xq, and for s G {J, a,n}, denote by p^: q — > s the 
linear projections corresponding to the direct sum decomposition (j2.5|) . Then for all X Cz g we have 

p-^(X) = (1 - f)X - ((1 - f)Xr + i(P5,ad(-iX„)^ - (2?5,ad(-iXo)^)*), 

p^{x) = {f- p5,ad(-iXo))^ + ((1 - r)xy. 

Proof. To begin with, recall that 

(2.6) ? - {X eQ\X* ^-X}, 

(2.7) a = {X e g I X* = X and [Xq, X] = 0}, and 

(2.8) H = flildl-ixo) =0adx„(M+)nKerI?5,ad(-ix„), 

where the latter two equalities follow by Proposition l2.9[ Definition 12. 21 and Definition l2.6l It is straight- 
forward to check that In (a + n) = ann = {0}, whence 

tn (a + n) an (?+n) =nn (?+a) = {0}, 

and it remains to prove that J + o + n = g. 

For this purpose, first note that I'j,ad(-iXo) ^-^^ ^ idempotent operators on g satisfying 

RanPj adi-iXo) ^ RanT, 

hence 

Now let X e g arbitrary and denote by X^, X^, and X^ the right-hand sides of the wished- for formulas 
for Pj(X), p^{X), and p^{X), respectively. Thus we have to prove that p^{X) = X^ for s G {t, a, n}. 

Moreover, it is clear that X = Xt + Xa + ^n, so it will be enough to check that Xt G t., Xa G a, and 
G n. 

It follows at once by (12. 6|) that Xt G t. To see that Xa G a, first note that X* = Xa- On the 
other hand, we have [Xi),'D-^^^^(^_^Xa)X] = (see Remark [2.3p . Since Xq = Xq, it then follows that 
[^0, (2'5,ad(-iXo)^)1 = 0, whence [Xq, X„] = 0. Thus X„ G H. 

It remains to show that Xn G n. To this end, first note that 

2?5,ad(-ix„)(T-p5,ad(-iXo))^ = and I?5,ad(-iXo)(((l " ^)^)*) = (2?I,ad(-ix„)(l-T)X)* =0 

by (|2.9p and the fact that (I'j^adC-iXo)^)^ = ^B.ad(-iXo)^- (We also used the fact that 255,ad(-iJfo) (^*) = 
(^B,ad(-iXo)^)* whenever 1" G g, which is a consequence of Definition 12 . 21 since Xq = Xq.) It then follows 
that 2?5,ad(-iXo)(-'^n) — 0- Thus, according to (|2.8p . we still have to prove that Xn G gad(-iXo) (^+)- Foi' 
this purpose we are going to show that both terms in the expression of Xn belong to gad Xo (I^-i- ) • In 
fact, by (EH) and ^ we get (T -3,ad(-ix„))^ = ^(1 - I?5,ad(-iXo))^ e Ranf C gadXo(K+). 
On the other hand, the mapping k: Q ^ Y ^ Y* has the property 6 o adXg = — adXo o 9 since 
Xq = Xq. Then Proposition 5.22 in |Be06| shows that ^(gadXo (-1^+)) ^ gadXo(IK+), whence by ([^4]) 
we get ((1 - f)X)* = k{{1 - f)X) G gadXo(R+)- Consequently 

Xn = (T - P5.ad(-iXo))^ + ((1 - ^)Xr G gadX„(M+), 

and the proof is complete. □ 

Corollary 2.12. Assume the setting of Proposition [^.111 and let q be a closed involutive complex subal- 
gebra of g such that 

Xq G g and T(g) C g. 

Then Xg is an Iwasawa quasi-regular element of q and the Iwasawa decomposition of q associated with Xq 

iss = (eng) (Hng) (Hng). 
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Proof. Since T(g) C g and X'5_ad(-iXo) (s) ^ 0> it follows by Proposition |2JJJ that pj(g) C g, C g, 

and Pnis) C g. It then follows by the direct sum decomposition (|2.5p that g = (I n g) + (a n g) + (n n g). 
Thus, to conclude the proof, it remains to prove that 

Hng = {Xeg|X*=Xand[X,Xo]-0} and n n & = 0l'+_,^^^ 

(see also Proposition [2T9]). The equality involving an g is obvious. To prove the equality involving Hn g, 
just note that by Proposition 12 . 91 we have 

nn g = 0°d|-iXo) ^ fl = 0ad(-iXo)(K+) n (KerP5^ad(-iXo)) n Q 

= 0ad(-iXo)(K+) n (KerI?g^ad(-iXo)) = 0ak|-iXo) 

and this completes the proof. □ 

Corollary 2.13. Assume the setting of Proposition [2TTT] and let go be a closed involutive real subalgebra 
of g such that 

Xo G 00, ^(0o) C go, and go n igo = {0}. 
Then Xq is an Iwasawa quasi-regular element of g and the Iwasawa decomposition of g associated with Xq 
is go = (Bngo) + (an 0o) + (Hn 0o). 

Proof. Denote := 0o + i0o (^ 0). Since go n igo = {0}, it follows that is isomorphic to the complcxifi- 
cation of 0o (as a complex involutive Banach-Lie algebra). 

We have -^0 € 0o ^ and T(g) = T(go + i0o) ^ 0o + i0o = 0, hence Corollarv 12.121 shows that Xq is 
Iwasawa regular in g and the corresponding Iwasawa decomposition of g is g = (t n g) + (an g) + (nn g). 

In particular we get 9^^(^_iXo) — ^^3' whence 

0on0"d|_i^^) =Hn0o. 

On the other hand, it is obvious that 

{X EQolX* ^-X} = tngQ and {X G 0o | ^* = ^ and [Xo, X] = 0} = H n 0o, 

hence the wished-for conclusion will follow as soon as we prove that go ~ (t n go) + (a n go) + (n n go). 
And this direct sum decomposition can be obtained just as in the proof of Corollary 12.121 Indeed, we 
have T(0o) ^ 0o and 2^j,ad(-ieXo)(0o) ^ 0o. Then we can use Proposition 12 . 1 II to show that Pf(0o) C go, 
PaiSo) ^ 00, and ph(0o) ^ 0o- Since = J + a + nby the hypothesis, it then follows that 0o = 

(?n0o) + (Hn0o) + (Hn0o). □ 

Inductive limits of Iwasawa decompositions. 

Lemma 2.14. Let : Si S2 be an open bijective mapping between two topological spaces. Assume 
that Sj is a closed subset of Sj for j = 1,2 such that ^'(S'l) is a dense subset of S2. Then ^(6*1) — S2. 

Proof. We have to prove that S2 C v[/(5'i). The hypothesis that ^I^ : 5*1 ^ S'2 is an open bijection implies 

that its inverse ^I'"^ : S'2 — > 6*1 is continuous. Then by using the other hypothesis, namely ^(5i) — 6*2, 

we get ^^^{82) = *"^(*(5i)) C $-i(*(5i)) = ST = 5"!, which concludes the proof since $ is a 
bijection. □ 

Proposition 2.15. Let G be a Banach-Lie group and assume that K, A, and N are Banach-Lie subgroups 
of G such that the multiplication map fh: K x A x N G, {k,a,n) i—^ kan is a diffeomorphism. 

Then let G, K, A, and N be four connected Lie subgroups of G with L(G') = 0, L(-ft^) = L(j4) = a, 
and L(iV) = n, and assume that g is an elliptic real Banach-Lie algebra and Xq £ g is an Iwasawa regular 
element such that the following conditions are satisfied: 

(j) We have K C K nG, AC AnG, N C N nG, and G is a Banach-Lie subgroup ofG. 
(jj) The Iwasawa decomposition of g with respect to Xq is g = i + a + n. 

(jjj) There exists a family {gi}iei consisting of finite- dimensional reductive subalgebras of g such that 
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there exists a bounded linear map £i : g — > g such that £i{X*) ~ £i{X)* for all X ^ q, 



• (fj)^ = R'AwEi = Qi, and [Ran(l - £i),Qi] = {0}, 



• EilXo) is an Iwasawa regular element of Qi, and 

• the connected subgroup Gi of G with L(Gi) = Qi is a closed subgroup and a finite- dimensional 
reductive Lie group 

for every i ^ I, and [J 9i = 3- 

iei 

Then the mapping m :— fhlKxAxN '■ K x A x N G is a diffeomorphism, AN — N A, and both A and 
N are simply connected. 

Proof. Since rh is smooth and G is a Banach-Lie subgroup of G by hypothesis (j), it follows that m is 
a smooth mapping. Then condition (jj) shows that the tangent map of m at any point oi K x A x N 
is an invertible continuous linear operator, hence m is a local diffeomorphism. On the other hand, m is 
injective since m is so. 

It remains to prove that m is surjective. To this end let i G / and denote by Qi — ii + o,i + xii the 
Iwasawa decomposition of Qi with respect to £i{XQ). Also let Gi = KiAiNi be the corresponding global 
Iwasawa decomposition of the finite-dimensional reductive Lie group Gi (see [Kn96] ) . We have 

i,^{x eQ,\x* = -x} = ir^Q,. 

Also 

a, = {X = X* e 0, I [X,£,{Xo)] = 0} C {X = X* e fl, I [X,Xo\ = 0} = an 0„ 
since [gi,Ran(l — £i)] = {0}. Finally, by Definitions 12.21 and 12.61 we get 

n. = 0. n ((0.)c)°d|-iP(Xo)) ^ (0c)"d|-iXo) n 0. = n n 0„ 

where (•)c stands for the complexification of a Lie algebra. Consequently Ki C K C] Gi, Ai C An Gi, 
and Ni C N HGi. (Here we use the fact that each of the groups Ki, Ai, and Ni is connected since Gi is 
connected and there exists a diffeomorphism Gi ~ Ki x Ai x Ni.) 

Now we are going to use Lemma [2 .141 with Si=KxAxN,S2 = G,Si=KxAxN, and 52 = G. 
The mapping m is an open bijection since it is a diffeomorphism. On the other hand, 



ni{K X Ax N)D[j m{K, x A, x Ni) = [j G^, 



iei iei 

hence m.{K x Ax N) is a dense subset of G. (Note that IJ Gi is dense in G since IJ 0^ is dense in and G 

iei iei 

is connected.) Thus Lemma [2 . 141 applies and shows that m.{K x Ax N) = G, hence m: K x Ax N ^ G 
is a diffeomorphism. 

To complete the proof, use the inverse diffeomorphism m^^ ; G ^ K x Ax N. Since IJ Gi is dense in 

lei 

G, it follows that IJ Ki is dense in K, J Ai is dense in A, and IJ Ni is dense in N. Now the conclusion 

iei iei iei 

follows since AiN = NAi and both groups Ai and Ni are simply connected for all i G /. □ 



3. Classical Banach-Lie groups and their Lie algebras 

In this section we introduce the Banach-Lie groups and Lie algebras whose Iwasawa decompositions 
will be investigated in Sections and [5] and we record a few auxiliary results that will be used in those 
sections. 

Definition 3.1. We denote by GL(7i) the group of all invertible bounded linear operators on the complex 
Hilbert space H and by 3 an arbitrary norm ideal of B{H). We define the following complex Banach-Lie 
groups and Banach-Lie algebras: 

(A) GL3(7i;) = GL(7i:) r\{l + 3) with the Lie algebra 



L(GL3(7^)) -.^QhiH) 
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(B) O^in) := {g e GL3(H) | g-^ = Jg*J-^} with the Lie algebra 

L{0:,{n)) :== 0:,{n) -.^ {x e 3 \ x ^ -Jx*J-^}, 
where J: 7i ^ 7i is a conjugation (i.e., J a conjugate-Unear isometry satisfying — 1); 

(C) Sp3(H) := {g e GL3(7^) | g-'^ = Jg* J^H with the Lie algebra 

L(Sp3(H)) := spj{H) :={xe3\x = -Jx*J-^}, 

where J: 7i — > 7i is an anti-conjugation (i.e., J a conjugate-linear isometry satisfying — — 1). 

We shall say that GLjf(7i), ©^(Ti), and Sp-j(7i) are the classical complex Banach-Lie groups associated 
with the operator ideal 3. Similarly, the corresponding Lie algebras are called the classical complex 
Banach-Lie algebras (associated with 3). 

When no confusion can occur, we shall denote the groups GL3(7i), 03(7^), and Sp3(7i) simply by 
GL3, O3, and Sp3, respectively, and we shall proceed similarly for the classical complex Lie algebras. □ 

Definition 3.2. We shall use the notation of Definition 13.11 and define the following real Banach-Lie 
groups and Banach-Lie algebras: 

(AI) GL3(H;M) ^{ge GL^iH) \ gJ = Jg} with the Lie algebra 

L(GL3(7^;R)) eh{n;R) -.^ {x e 3 \ xJ = Jx}, 

where J : 7i — > 7i is any conjugation on 7i; 
(All) GL3(H;H) = {ge GL:j{n) \ gJ^ Jg} with the Lie algebra 

L(GL3(H;H)) QhiU^m) {x e 3 | xJ = Jx}, 

where J : Ti —t Ti is any anti-conjugation on 7i; 
(AIII) XJjCH+.V.-) := {g G Ghj{T-l) \ g*Vg = V} with the Lie algebra 

L(U3(W+,7i-)) := U3(W+,7^-) := {x e a I x*V = -Vx}, 

where TL = 7i+©7i_ and ^ — with respect to this orthogonal direct sum decomposition 

of 7^; 

(BI) 0:i{l-L+,l-L-) {g G GL3(7i) | g~^ = Jg*J~^ and g*Vg = V} with the Lie algebra 
L(03(H+,H_)) := 03{n+,n-) := {a; e 3 I a; = -Jx*J~^ and x*V = -Vx}, 

where Ti. = Ti.+ 7i-, V = ^] with respect to this orthogonal direct sum decomposition 



of H, and J: H ^ H is a conjugation on ?i such that J{H±) C H±; 
(BII) Oifin) {g e GL3(7i:) | g'^ = Jg*J~'^ and gJ= Jg} with the Lie algebra 

L(03(H)) := o;(7i) {x e a I X = ~Jx*J-^ and xJ = Ja;}, 

where J : Ti. Ti. is a conjugation and J : 7i — > 7i is an anti-conjugation such that J J = J J; 
(CI) Sp3(7i:;R) := {5 € GL3(7i:) | g-^ = Jff*J"^ and gJ ^ Jg} with the Lie algebra 

5p3(7Y;R) := {x e 3 I -a; = Jx*J~^ and a;J = Jx}, 

where J: Ti -^Ti is any anti-conjugation and J: Ti -^Ti is any conjugation such that J J — J J; 
(CII) Sp3(H+,7i:_) ;= {g e GL3(H) | g-^ = Jg*J-^ and 5*^3 = with the Lie algebra 

L(Sp3(7i+,7i:_)) := sp3(7i+,7i:_) := {x e ^ | a; = -Jx*J-^ and x*F = -Vx}, 
where Ti = Ti+ © 7i_, 1^ = ( ,1 ? ) with respect to this orthogonal direct sum decomposition 



of Ti, and J: 7Y ^ 7Y is an anti-conjugation on Ti such that J{Ti±) C Ti±. 

We say that GL3(H;R), GL3(7i;H), V:i(n+,n^), 03(7i+,7i_), 05(71!), Sp3(7i:;]R), and Spj (7i:+ , 7i:_ ) 
are the classical real Banach-Lie groups associated with the operator ideal 3. Similarly, the corresponding 
Lie algebras are called the classical real Banach-Lie algebras (associated with 3). □ 
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Remark 3.3. The classical Banach-Lie groups and algebras of Definitions 13.11 and 13.21 associated with 
the Schatten operator ideals &p{TL) (1 < p < oo) were introduced in |Ha72| . where it was conjectured 
that the connected 1-components of these groups have global Iwasawa decompositions in a natural sense 
(see subsection 8.4 in Section II. 8 of [Ha72 ). 

We also note that as a by-product of the classification of the i*-algebras (see for instance Theorems 
7.18 and 7.19 in |Be06| ). every (real or complex) topologically simple L*-algebra is isomorphic to one of 
the classical Banach-Lie algebras associated with the Hilbert-Schmidt ideal Z — &2{'H). □ 

Problem 3.4. In the setting of Definitions 13.11 and 13.21 the condition that 3 should be a norm ideal is 
necessary in order to make the corresponding groups into smooth manifolds modeled on Banach spaces 
(see for instance Proposition 9.28 in [Be06j or the beginning of the proof of Proposition [3?9l below) . On the 
other hand, the classical "Lie" groups and Lie algebras can be defined with respect to any operator ideal, 
irrespective of whether it is endowed with a complete norm or not. And there exist lots of interesting 
operator ideals which do not support complete norms at all — see [KW02] and |KW06| . 

Thus it might prove important to study the Lie theoretic aspects of the classical groups and Lie algebras 
associated with arbitrary operator ideals, and perhaps to establish a bridge between the Lie theory and 
the commutator structure of operator ideals described in the papers |DFWW04] and [We05| . □ 

We shall need the following generalization of Proposition 3 in |Ba69| . 

Lemma 3.5. Let Ti. be a complex separable infinite- dimensional Hilbert space, J: Ti. "H an anti- 
conjugation, and K S {IR,C}. Also let Z : Ti. Ti. be a ^-linear continuous operator such that ZJ = JZ 
and Z"^ = zqI /or some zq e (0,cx)). Then there exists an orthonormal basis Hl^'^} i<£z,\{a} Hilbert 

ee{±^} 

space Ti over K such that Z^'^j = s^'^i and JC±i^ = whenever s G {zt^/zo} and 1^1,2,.... 

Proof. Denote H^^^ = Ker {Z - e) for e € {±^}. Since Z^ = zqI, it follows that H = n^V^'' © n^-'/^'> 
as an orthogonal direct sum of K-linear closed subspaces. On the other hand JZ = Z J, hence JTi^'^^ = 
Ti.^^^ whenever e g {±yzo}. 

Now let us keep e S {±y/zo} fixed. We shall say that an orthonormal subset Eq of the Hilbert space 
H^"^) over K is a J-set if for each x £ Eq we have {Jx, —Jx} fl Eq ^ 0. For every x € Ti.'^^'^ with ||x|| = 1 
we have {x \ Jx) = —{J^x \ Jx) = — (a; | Jx), whence x _L Jx, so that {x, Jx} is a J-set. Then Zorn's 
lemma applies and shows that there exists a maximal J-set E^^^ in the Hilbert space 7i^^^ over K. 

It is easy to see that E^^^ is actually an orthonormal basis in the Hilbert space Ti'^-* over K. In fact, 
let us assume that this is not the case and consider for instance the case K = R. Then there exists 
xq G Ti^'^-' such that ||a;o|| — 1 and Re (x | xq) — whenever x e E*^"^^. Now for every x G E*^^^ we have 
Re(a; | Jxq) = — Re(J^x | Jxq) = — Re(Ja; | xq) = since either Jx G E^^^ or — Jx G E^^^. It then 
follows that Ef"^) U {xq, Jxq} is again a J-set, thus contradicting the maximality of the J-set E^^^ 

Then let {Cl'^}i>i be the set of ah x G E^"^) such that -Jx G E^"^), and denote ^i^;^ = -J£,l"^ for 
1 = 1,2,.... Thus we get an orthonormal basis {^l^"*} iez\{o} ™ the Hilbert space Ti. over K, satisfying 

the wished-for properties. □ 

We shall also need the following version of Proposition 2 in |Ba69| . 

Lemma 3.6. Let Ti. be a complex separable infinite- dimensional Hilbert space with a conjugation J : Ti. —f 
Ti.. Then the following assertions hold: 

(a) If Z £ B{Ti.) satisfies the conditions ZJ = JZ, Z = Z* = Z^^, and dimKer(Z — 1) = 
dim Ker (Z -f 1), then there exists an orthonormal basis {6}igz\{o} ^'^ the Hilbert space Ti. such 
that ZS^i = JS^i = ^-i whenever Z G Z \ {0}. 

(b) If J : Ti ^ Ti is an anti- conjugation such that J J = J J, then there exists an orthonormal basis 
{6}/ez\{o} the Hilbert space Ti such that J^i = whenever I G 'Zi\{0}, and JS_±(2s-i) = ?=f2s 
and Ji±2s = -£.^{28-1) for s= 1,2,.... 
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Proof. We shall denote Hr {x E H \ Jx = x}. 

(a) Let H± = Ker (Z =F !)• Since VJ = JV, it follows that Hr = (T^r n {Hm CYH-), H± = 
{Hr n Ti.±) ® iCHr n 7Y±), and dimR(HR n H±) = dimc(7Y±) (see for instance Lemma 1 in jBa69) ). Then 
there exist countable orthonormal bases in the real Hilbert spaces 7iRn7i±, which we denote by {x±i}i>i, 
respectively. Now define S^±i = {xi ± ia;_;)/V2 for 1 = 1,2,.... Then {£,1} i(£z\{o} is the orthonormal basis 
in Ti. which we were looking for. 

(b) Since J J = J J, we can use Lemma 13.51 with Z = J and K = M to get an orthonormal basis 
{^i'^^}i£Z\{o} ™ Hilbert space H over K such that Jx'^^j = £x^^j and Jx'^^j = Tx^j whenever e G {±} 

eG{±} 

and I = 1,2,.... Let us denote xi = x'^ for I £ Z \ {0}. By using a bijection from {1, 2, . . . } onto the 
set of odd integer numbers, we can re-index the sequence {xi}i^z\{o} such that Ja;±(2s-i) = x±2s and 
Jx±2s = ^a^±(2s-i) for s = 1, 2, . . . . Now define just as above £±i = {xi ± ix^i)/^/2 for Z = 1, 2, . . . , and 
thus we get an orthonormal basis in Ti. satisfying the properties we wished for. □ 

It will be convenient to have some special cases of Lemmas 13.51 and 13.61 recorded as follows. (See 
Propositions 2 and 3 in [Ba6!? or [Nee02a| .) 

Lemma 3.7. LetTi. be a complex separable infinite- dimensional Hilbert space. 

(a) If J : Ti ^ Ti. is a conjugation, then there exists an orthonormal basis {Ci}iez\{o} ^'^ ^ such that 
JS^i = whenever I £ Z\ {0}. 

(b) If J : Ti Ti is an anti- conjugation, then there exists an orthonormal basis {Ci};ez\{o} 'inTi such 
that J^±i = T^Ti for =1,2,.... 

Proof. Assertion (a) follows by our Lemma [3. 6f a) for a suitable choice of Z, while assertion (b) follows 
by Lemma [3751 for Z = 1. □ 

Lemma 3.8. Let Ti be a complex separable infinite- dimensional Hilbert space with an orthonormal basis 
{6};ez\{o}- Assume that {ai}iez\{o} ^■s bounded family of real numbers and £ e M, and define the 
self-adjoint operator 

iez\{o} 

(where the sum is convergent in the strong operator topology). Then let Z : Ti =f Ti be an ^-linear con- 
tinuous operator such that \\Zx\\ = \\x\\ whenever x G Ti and satisfying either of the following conditions: 

(a) Z"^ = 1, Z£^i = whenever I G Z \ {0}, and Z is either C-linear or C-antilinear; 

(b) Z^ = —1, Z£^±i = tCt' whenever I = 1,2, ... , and Z is either C-linear or C-antilinear. 
Then we have A = eZAZ^^ if and only if a^i = eai whenever I G Z \ {0}. 

Proof. For every / G Z \ {0} define the orthogonal projection pi = {■ \ Now assume that hypothe- 

sis (a) is satisfied and Z is antilinear. Then for every vector £ G Ti we have 

ZpiZ-'£ = ZpiZ£ = z{{zi I £i)ii) = (6 I zi)Z£i = (z^ii I z^z^i = I z£i)zii = (e I U)U ^P-iL 

so that for all / G Z \ {0} we have ZpiZ^^ = p^i. It is easy to see that the same conclusion holds if Z 
were linear. Thence 

iGZ\{o} iez\{o} 

so that the equation ZAZ^^ = eA is equivalent to the fact that a_; = eai whenever Z G Z \ {0}. 

Now assume that hypothesis (b) is satisfied and Z is antilinear. Then for all / G {1,2,...} and £ GTi 
we have 

Zp±iZ-^£ = ^Zp±iZ£ = -z{{z£ I e±i)e±0 = -{i±i I z^zui = {z^£±i I zoz£±i = (^ | z£±i)z£±i. 

Consequently ZpiZ^^ = for every Z G Z \ {0}, and we would obtain the same equality if Z were 
linear. Then the wished-for conclusion follows just as above. □ 
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Proposition 3.9. Let TL he a complex Hilhert space and {ei}ig/ a family of mutually orthogonal projec- 
tions of rank 1 in B{Ti.) such that ^ = 1. Now let ^ be a symmetric norming function, consider the 

corresponding Banach ideal 3 = and define 

A := {g e GL^ | g > 0; (Vi G /) ctg = ga} and a -.^ {b e 3 \ b = b* ; (Vi G /) Cib = bci}. 
Then A is a simply connected Banach-Lie subgroup o/ GL3 and J-i{A) — a. 

Proof. The proof is straightforward, using Proposition 4.4 in [Be06| . We omit the details. □ 

4. IWASAWA DECOMPOSITIONS FOR GROUPS OF TYPE A 

Throughout this section wc let 7i be a complex separable infinite-dimensional Hilbert space, $ a 
mononormalizing symmetric norming function whose Boyd indices are non-trivial, and denote the cor- 
responding separable norm ideal hy 3 — C Biji). We are going to apply the abstract methods 
developed in Section [2] in order to construct global Iwasawa decompositions for classical groups of type A 
associated with the operator ideal 3 (Definitions 13.11 and l3.2|) . 

Complex groups of type A. 

Lemma 4.1. Let TCq be a complex Hilbert space and S* = — S** G B{TLt3) with finite spectrum, say 
(j{S) = {Ai, . . . , A„}. For k = 1, . . . ,n denote by Ek G B(Ti.o) the orthogonal projection onto Ker (S — Xk)- 

n 

Then for every Z G B{Ha) we have J e*-^'^^Zd^(t) J2 EuZEk- 

R k=l 
n n 

Proof. We have S = XkEk and E^Ei = whenever k ^l, hence e*'^ = ^ e*^''Ek for arbitrary t G M. 

fc=l k=l 

Thence 

n 

(4.1) e*-^'^^Z = e*^Ze"*^ = ^ c*''^"-^''^ EkZEi. 

k,l = l 

Now / e*(^'="^')d/x(t) ^ /e(*+i)(^'="^''d^(t) e't^*"^') / e*(^'="^')d^(i) by the invariance property of n 

RE R 

(see Notation [2TT|) . li k ^ I then Xk ^ A;, whence J e*^^''^^'^dfi{t) = 0. Then the wishcd-for equality 

R 

follows by means of equation (|4.ip . □ 

Lemma 4.2. Let TL be a separable complex Hilbert space, 3 a separable norm ideal ofBiTi), and {an\n>o 
a sequence of self- adjoint elements ofB{Ti.) which is convergent to some a G BiTi) in the strong operator 
topology. Then lim ||a„a; — axjl^ = lim ||a;a„ — xajj^ = lim ||a„a;a„ — axajl^ = wfteneuer x G U. 

n — »oo n — *C30 n — *oo 

Proof. See Theorem 6.3 in Chapter III of |GK69| . □ 

In the following statement, by triangular projection associated with a self-adjoint operator we mean the 
triangular projection associated with its linearly ordered set of spectral projections; see |GK70j . |EL72j . 
[EFfS] . and [Plt88] . 

Proposition 4.3. Let = G q\.j and denote 

A = {A G K I dimKer {Xq - A) > 0}, 

and for every X £ A let E\ G B{Tl.) he the orthogonal projection onto Ker (Aq — A). 

Then Xq is an Iwasawa quasi-regular element of and the following assertions hold: 

(1) The set A is countable and {E\\\(zf^ is a family of mutually orthogonal finite-rank projections 

satisfying ^ E\ — 1 in the strong operator topology. 
AeA 
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(2) IfT^.Xa ■ Sh ^ &h stands for the triangular projection associated with Xq, then 

RanT3,Xo = (0'3)adXn(I*+), 

Ran(l-r3,Xo) C (0[3)adx„(-K+), 

(3) Assume that we write the linear operators on Ti. as infinite block matrices with respect to the 
partition of unity given by {E\}\,=a. Then for every X G gt^ the matrix o/ ad(-iXo)^ coti 
be constructed out of the matrix of X by replacing all the off-diagonal blocks by zeros. 

(4) // we denote a^^Xo = '= 9h I ^* = ^ '^'^'^ I^o, X] = 0}, then 

ao,x„ {X e 0(3 I X* = X and (VA e A) XExH C ExH}. 

(5) We have {sh)^dx„{^+) = {xe 9(3 | (VA G A) XE^H C span ( U EfjU)}. 

(6) //we denote na,Xo = (0b)ad|-iXo)' ^'^'^'^ 

na,Xo = e I (VA e A) X/;a7^ C span ( |J E^h)}. 

A</3eA 

(7) The Iwasawa decomposition of gl^ associated with Xq is gig = U3 + a^^Xo + ^o,Xo- 

(8) is an Iwasawa regular element of gl^ if and only if it satisfies the condition 

(4.2) (VA e M) dimKer {Xq - A) < 1. 

Proof. The fact that Xg is an Iwasawa quasi- regular element will follow by Proposition 12.111 as soon as 
we shall have proved assertion (2). 

Assertion (1) holds true since Xq is a compact self-adjoint operator. 

We now prove assertion (2). Since the Boyd indices of the symmetric norming function $ are nontrivial, 
it follows by Theorem 4.1 in |Ara78| that the triangular projection defines a bounded linear idempotent 
operator T^ ^o • 9h ^ Sh- Let ^ stand for the ideal of finite-rank operators on H. It is clear that 
;?nRanr3,x„ C (fll3)adjfo(M+) and;?nRan(l-Ta,Xo) Q {Qh)e.dXo{-^+)- Since ^ is dense in 3 (= e^°^) 
and (Toi^Xo)^ = Tj.Xoi it easily follows that 5^ n RanTj^Xo is dense in RanT^^Xo and t? ^ Ran (1 — Tj^Xo) 
is dense in Ran (1 — TS.Xo)- Thence 

Ranr3,Xo C (0[3)adXo(R+) and Ran(l-Ta,Xo) C (0[3)adx„ (-«+)■ 

Thus, to complete the proof of assertion (2), it remains to show that RanT^^Xo 3 (0[3)adJ>s:o(R+)- 

To this end let X € (g[3)adXo(K+) arbitrary. Then denote by {p„}„>o any increasing sequence 
of finite-rank spectral projections of Xq such that lim p„ = 1 in the strong operator topology. Then 

n — ^00 

Lemma l4 . 2 1 shows that lim ||p„Xp„ — Xjl^ = 0, hence it will be enough to check that pnXpn S RanTj Xn 

n — ^00 ' 

whenever n > 0. For this purpose we recall that 

(0l3)adXo(K+) = (i^efllj I limsupilog|l(exp(-i-adXo))r|l < o| 

(see for instance Remark 1.3 in |Be05j ). Since X e (0[3)adXo(K+) and (adA"o)p„ — whenever n > 0, it 
then easily follows that pnXpn G {2lj)iidx„{^+) for every n > 0, and we have seen that this completes 
the proof of assertion (2) . 

To prove assertion (3), let {pn}n>o be a sequence of spectral projections of Xq as above. For every 
n > we have (ad(— iA'o))pri = 0, whence it follows at once that 

(Vn>0) p„(I?g, 

-, ,ad( — iXo ) ,ad( — iXn 

Since Pgi, ad(-iXr,) ■ 2h ~^ 9h i^ a continuous operator and lim \\pnYpn — i^lb ~ for all F G J, it then 
follows that it suffices to obtain the wished-for conclusion for the finite-rank operators p„A"p„, where 
n > is arbitrary. And in this (finite-dimensional) case we just need to apply Lemma [4TT] 

Assertion (4) is a direct consequence of condition (|4.2p . 

Assertion (5) follows at once by assertion (2). 
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Assertion (6) follows by assertions (5) and (3). 

By using assertion (2) along with Proposition [2TTl] we see that Xq is an Iwasawa quasi-regular element 
of gl-j and assertion (7) holds. 

Finally, we prove assertion (8): Xq is an Iwasawa regular element if and only if [a^^Xo: "^3,^0] = {0}- 
And, by using assertion (4), we see that the latter condition is equivalent to the fact that each eigenvalue 
of Xq has the spectral multiplicity equal to 1, which is precisely condition (|4.2p . □ 

We shall need the following extension of Lemma 5.2 in Chapter VI of |He01| to an infinite-dimensional 
setting. 

Lemma 4.4. Let U be a real Banach-Lie group with the Lie algebra L(C/) = u, and assume that m 
and t) are two closed subalgebras of u such that the direct sum decomposition u = m + () holds. Now let 
M — {expjj(xn)) and H — (exp[j(f))) be the corresponding subgroups of U endowed with their natural 
structures of connected Banach-Lie groups such that L(A/) = m and L(iJ) ~ f). Then the multiplication 
map a: M X H ^ U , (to, h) 1— > mh, is smooth and has the property that for every (to, h) £ AL x H the 
corresponding tangent map T^mji)- T(^m.h){M x H) —t T^hU is an isomorphism of Banach spaces. 

Proof. The statement can be proved just as in the finite-dimensional case, so that we omit the details. □ 

Theorem 4.5. Let Xq = Xq G glj satisfying condition (|4.2p . Let A = {A € M | dimKer (Xq — X) — I}, 

which is a linearly ordered set with respect to the reverse ordering of the real numbers, and for every 
A e A pick S^x G Ker (Xq — A) with \\^x\\ — 1- Now consider the Banach-Lie group 

G:=GLa(7i) 

and its .subgroups 

K :={fc e G I fc* = k-^}, 

A -.^{a e G I (VA e A) e M;^}, and 

N e G I (VA e A) <a e + span{e^ | (3 < A}}. 

Then K , A, and N are Banach-Lie subgroups of G, and the multiplication map 

m: K X A x N ^ G, {k,a,n) 1-^ kan, 

is a diffeomorphism. Ln addition, both subgroups A and N are simply connected and AN ~ NA. 

Proof. For every A G A denote by e\ = {■ \ ^\)^\ the orthogonal projection onto the one-dimcnsional 
subspace spanned by ^x. Then it is easy to see that 

A = {g e GLa I g > 0; (VA G A) exg = gex}, 

hence Proposition 13.91 shows that A is a Banach-Lie subgroup of G. Furthermore, the fact that K is a, 
Banach-Lie subgroup of G follows e.g., by Proposition 9.28(ii) in ,Be06j . As regards N, let us consider 
the Banach algebra *B = CI + 3, and note that 

N^ine^^'l (VA, /3 e /, A > /?) «a | ^p) = 0; (VA e A) «a 16) = !; (VA € A) npx = Pxnpx}, 

hence is an algebraic subgroup of , and thus it is a Banach-Lie subgroup of 05^ by the Harris-Kaup 
theorem (see |HK77| or Theorem 4.13 in jBe06j V Since N C G and G is a Banach-Lie subgroup of 03^ , 
it follows that A^ is a Banach-Lie subgroup of G as well. 

Now note that with the notation of Proposition 14.31 we have L(G) = gl^, L(Ar) ~ ug, L(A) = aj^Xot 
and L(Af) = na^Xo- By using Proposition l3.91 it is easy to show that B := AN is a Banach-Lie subgroup of 
G such that the multiplication mapping sets up a diffeomorphism Ax N ^ AN = B. In addition, the Lie 
algebra of B decomposes as L{B) = a^^Xo + ^d,Xo- It then follows by Lemma l44l and Proposition 14. 3r 7) 
that the multiplication mapping m: K x A x N ^ G, (fc,a,n) i-^- kan, is regular, in the sense that its 
tangent map T(f. ,j „)m: T(^k,a,n)iK x A x N) — > TkanG is an isomorphism of Banach spaces for every 
k & K, a& A, and n e N. 

Now define 



ip: [0,1] X {Ax N) ^ Ax N, ^/j{t,a,n) = ((1 - t)a + tl,l + (1 - t){n - 1)). 
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Clearly 1 + (1 — t){n — 1) E N whenever n £ N and t E [0, 1]. On the other hand, for arbitrary t E (0, 1] 
and a E A we have (1 — t)a + tl > tl, hence (1 — t)a + is a positive invertible operator; besides, 
(1 — t)a + tl = a + t(l — a) E 1 + 6^^(H), so that (1 — t)a + tl E A. Consequently, the mapping ij^ is 
well defined. In addition, tp is continuous, -0(0, •) = idyixAr, and •) is a constant mapping of A x N 
into itself. Thus we easily see that both A and N are contractible topological spaces, and in particular 
they are simply connected. 

Since K n AN = AC] N = {!}, it is straightforward to prove that the mapping m: KxAxN^G 
is injective. Since we have seen above that the mapping m is regular at every point, it then follows that 
m is a diffeomorphism of if x x TV onto some open subset of G. 

To prove that the multiplication mapping m is actually surjective, let g G G arbitrary and consider 

the nest *P = {pa}agA, where p\ is the orthogonal projection onto the subspace H\ — span{^/3 \ (3 < X} 

of H whenever A G A. Then Corollary I A. 2 1 shows that there exist a unitary element w E 1 + 3 and an 

element b E (Alg*P)^ n (1 + U) such that g = wb. Now for every A G A define 6a := {b^\ \ Ca)- We have 

sup |6a| < \\v\\ < oo, so that there exists an operator d E B{H) such that 
aga 



(d6 I ^p) 



bx if A = (3, 
if A 7^ /3. 



Since b E (AlgCp)"" n (1 + 3), it follows at once that d E (Alg'P)'' n (1 + 3) as well, and then d^^b E N. 
Now let d — u\d\ be the polar decomposition of d. Then u, \d\ G G by Lemma 5.1 in |BR05| again, so 
that g — wb — wu\d\{d^^b) E KAN, and the proof ends. □ 

Real groups of type AI. 

Theorem 4.6. Let J : Ti ^ 7i be a conjugation and {Ci}(GZ\{o} orthonormal basis in Ti such that 
JS.I = 6 whenever I E Z \ {0}. Pick a family of mutually different real numbers {cti}iei,\{a} such that 
lim ai — and $(ai, a-i, a2, a_2, . . . ) < oo, and define the self-adjoint operator 

I — »±oo 

iez\{o} 

Then Xq is an Iwasawa regular element of Ql^{Ti.]S.) and the Iwasawa decomposition o/g[-j(7i;K) asso- 
ciated with Xq is 

(4.3) R) = (ua n ^[^(H; R)) + (oxxo n flljC?^; R)) + (na,Xo n gl:,{n; R)) 

(where ug, cta,Xo; o-nd rijf.Xo o-i^e the ones defined in Proposition 14. 3|) . 

Moreover, if G stands for the connected 1-component of GL3(?i; R), then there exists a global Iwasawa 
decomposition m: K x A x N G corresponding to (|4.3|) . In addition we have AN = NA, and both 
groups A and N are simply connected. 

Proof. The role of the orthonormal basis {6}iez\{o} the statement can be played by any orthonormal 
basis in the real Hilbert space TYr = {x E Ti. \ Jx = x}. The conditions satisfied by the family {ci;i}igz\{o} 
ensure that Xq ~ Xq E 3. In addition, it is straightforward to check that actually Xq E gl^{Ti,,M.) (see 
for instance the proof of Lemma IBTST a)). 

On the other hand, it follows by Proposition 14.31 that Xq is an Iwasawa quasi-regular element of gl-, 
and the Iwasawa decomposition of gl^ associated with Xq is 

To obtain the Iwasawa decomposition asserted for 0l-,(7i,R) we are going to use Corollarv 12.131 with 
= flbi 00 = 013(^5 -l^)' ^ = ^,^0 ■ 0'a ~^ 9h the triangular projection associated with Xq. To this 
end we have to prove that T:}^Xo{shi'^'^^)) — S^:i{'H;M.). 

In order to do so, we denote Tir — span{^i, ^2, ■ • • , Cr, C-r} and let Pr: H ^ H be the 
orthogonal projection onto Hr for r — 1,2,.... Then for arbitrary X E glj{T-C;R.) C 3 we have 
lim \\PrXPr - X\\o = by Lemma IH hence lim \\T:i^Xo{PrXPr) - ra,Xo(^)lb = 0- Thus it will 
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be enough to show that T^^XgiPrXPr) E glj{Ti.;M.) whenever r > 1. And this foUows by the restricted 
root space decomposition of the finite-dimensional real reductive Lie algebras 0[(7ir;R) — sK'":^) f^^' 
r== f,2, .... 

Thus Xq is an Iwasawa quasi-regular element of qIj{T-C; M). Since Xq satisfies condition (|4.2p in Propo- 
sition [4?3l it follows that it is actually Iwasawa regular in g[-j, hence also in g[-j(7Y;R). 

To obtain the global Iwasawa decomposition, let us denote by G the connected 1-component of 
GLa(7Y;R). We are going to apply Proposition 12.151 with G, K, A, and N as in Theorem 1431 To 
this end let C be the connected 1-component of C n GL3(7^;R) for C e {K,A,N}. Then C wih be a 
connected Lie subgroup of G = GL3, since G n GL:}{H;'R.) is a Lie subgroup of G. (The latter property 
follows by the Harris-Kaup theorem if G = or G = TV, and from Proposition 13.91 if G = A.) It is clear 
that L(G) =0[3(H;M), L{K) = u^n^hi^;^), L(A) = aa,Xo n0[3(H; M), andL(iV) = n^.Xo HflbCT^iR), 
hence L(G) = L(K)+MA) + L{N). Next define 5^: sh{n;R) g[3(7^;M), X ^^ PrXPr for r = 1, 2, . . . . 
Now it is easy to see that Proposition 12. 151 can be applied, and this completes the proof. □ 

Real groups of type All. 

Theorem 4.7. Let J : Ti. ^ Ti. be an anti- conjugation and {Ci}iez\{o} '"^ orthonormal basis in Ti. such 
that J^±i — Tf=F' /"'^ ^ ~ 1,2,.... Pick a family of real numbers {a;};gz\{o} such that the numbers 
{cfi}i>i CLre mutually different and 

a-i = ai for all I E Z \ {0}, lim a; — 0, and $(ai, a_i, 0:2, a-2, . . . ) < 00, 

/ — >oo 

and define the self-adjoint operator 

iez\{0} 

Then Xq is an Iwasawa regular element o/g[-j(7i,H) and the Iwasawa decomposition 0/ g[-j(7i, H) asso- 
ciated with Xq is 

(4.4) shiW) - (U3 n gh{n;m)) + (axxo n0[3(H;H)) -j- (na,Xo n ^[^(H; H)) 

(where 113, '^3,Xoj '"^'^ ^:i,Xa 0.'''^ ihe ones defined in Proposition 14. 31) . 

Moreover, there exists a global Iwasawa decomposition m: K x A x N GL3(7i;H) corresponding 
to (j4.4p . In addition we have AN — NA, and both groups A and N are simply connected. 

Proof. The orthonormal basis {6}iGZ\{o} in the statement exists according to Lemma I3.7f a). The 
hypothesis on {a;};gz\{o} implies that Xq = Xq g J, and then Xq £ qIj{H;M) by Lemma [5^ b). 

To see that Xq is an Iwasawa quasi- regular element of Ql^(Ti.;M) and the corresponding Iwasawa 
decomposition looks as asserted, one can proceed just as in the proof of Theorem 14. 6[ this time using 
the orthogonal projection Pr'.TC TL onto the subspace Hr = span {^1, ^2, ^-2, • ■ • , Cr-i ^-r} for 
r = 1, 2, . . . . We omit the details. 

It remains to check that Xq is actually an Iwasawa regular element of 0[-,(7i; H). To this end denote 

Vi = Jr <Cl-i for Z = 1, 2, . . . , and let X ^ X* £ 013(71:; H) with^[X, X_q] = 0. Since the real numbers 

are mutually different and [X, Xq] = it follows that XVi C V; whenever / > 1. Now, since 

X — X* , it follows that for each / > 1 there exists an eigenvector w; e V; \ {0} of Xj^^. Let 7; S R 

be the corresponding eigenvalue, so that Xvi — ^iVi. On the other hand the anti-conjugation J satisfies 

JVi C Vi, hence V; has the natural structure of a quaternionic vector space. Since dime V; = 2 it follows 

that dimu Vi = 1, hence V; = Hw;. Now the operator X G 0l-j(7i;IHI) is C-linear and XJ = JX, hence for 

every q e H we have X{qvi) — qXvi = qjivi ~ "fi{qvi), so that X^ — li^ whenever ^ € V;. 

Since W = V, it then follows that [Xi,X2] = whenever Xj = X* E qI:,{H;M) and [Xj,Xq] = 
i>i 

for J = 1,2. 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 1 2 . 1 51 in a fashion 
similar to the one of the proof of Theorem 14.61 □ 
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Real groups of type AIII. 

Theorem 4.8. Assume that we have an orthogonal direct sum decomposition TL = 7i+ © 7i_ with 
dim7i_|_ = dim7i_, and let {e;*}i>i be an orthonormal basis in Ti±. Then define — [e'^ ± eY)/V^ 
whenever I > 1. Pick a family of real numbers {A/};>i such that 

Xj 7^ ±A/ if j 7^ I, lim A/ = 0, and "I>(Ai, — Ai, X2., — A2, . . . ) < 00, 

/ — >oo 

and define the self-adjoint operator 

Then Xq is an Iwasawa regular element of 1x3 (7i+ , 7i_ ) and the corresponding Iwasawa decomposition is 

(4.5) ii3{n+,n-) = (U3 n n~j(n+,n-)) + (aa,xo n uo{n+,n-)) + (n^.A-o n n~j(n+,n-)) 

(where U3, aa,Xo; f^*^^ ^^3,^0 '^'"^ ones defined in Proposition 14. 31) . 

Moreover, ifG stands for the connected 1-component of\5j{l-L+,7i-), then there exists a global Iwasawa 
decomposition m: K x A x N ^ G corresponding to (j4.3p . In addition we have AN — NA, and both 
groups A and N are simply connected. 

Proof. To begin with, note that [j{fi^,fi~} is an orthonormal basis in H. It then follows by the 

;>i 

hypothesis on {A(};>i along with Proposition 14.31 that Xf) is an Iwasawa regular element of glj. We now 

show that actually Xq G uo{H+,H-). For this purpose denote ^ = ^ Definition 13.21 Then 

for all j > 1 we have Vef = ±e^, whence Vf^ — f^. Thus for every ^ e 7i we have | ff )ff = 
I yfj)ff = y{iy^ l fJ)IJ)- ^ then follows that Xq = -VX^V, whence XqV = -VX^, and then 
Xo eu3(H+,H_). 

Now the wished- for conclusion will follow by Corollary 12.131 as soon as we will have proved that the 
triangular projection Tj.Xa ■ "3 ^ 3 leaves uj{Ti.+ ,Ti.-) invariant. To this end, for r = 1, 2, . . . denote 

Hr = span {e^, , ej, 63 , . . . , e^, } 

and let Pr'. H ^ H be the orthogonal projection onto Hr- For arbitrary X G U3(7i+,7i_) C 3 we have 
lim \\PrXPr - X\\j = by LemmalOl hence lim \\Tj^XoiPrX Pr) - T3^Xo{X)h = 0. Thus it will be 

enough to show that Tj.Xo (-Pr^^r) G ua(7i+,7i_) whenever r > 1. And this follows by the restricted-root 
space decomposition of the finite-dimensional real reductive Lie algebras u(7ir H Ti+^Hr n 7i_) ~ u(r, r) 
for r = 1,2,.... 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 12 . 1 5l in a fashion 
similar to the one of the proof of Theorem 14.61 □ 

5. Iwasawa decompositions for groups of type B 

As in Section [4] we let 7i be a complex separable infinite-dimensional Hilbert space, $ a mononor- 
malizing symmetric norming function whose Boyd indices are non-trivial, and denote the corresponding 
separable norm ideal by 3 = 6^' C B(H). We shall use the methods of Section [2] to get global Iwasawa 
decompositions for classical groups of type B associated with the operator ideal 3. 

Complex groups of type B. 

Theorem 5.1. Let J : H ^ H be a conjugation and {Ci}zgz\{o} orthonormal basis in TL such that 
J^i = whenever I £ Z \ {0}. Pick a family of mutually different real numbers {ai};GZ\{o} satisfying 
the conditions 



a-i — —ai for all I ^ 'Z\ {0}, lim a; = 0, and $(ai, a_i, a2, Q:_2, • . . ) < 00, 

I — >oo 
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and define the self-adjoint operator 

iez\{o} 

Then Xq is an Iwasawa regular element 0/03 and the Iwasawa decomposition 0/03 associated with Xq is 

(5.1) 03 = (u3 n 03) + (aa,Xo n 03) + (na,Xo n 03) 

(where Uj, cia.Xo; '^i^d nj^Xo 'f'G ones defined in Proposition 14. 3|) . 

Moreover, if G stands for the connected 1-component 0/O3, then there exists a global Iwasawa decom- 
position m: K X A X N ^ G corresponding to (|5.ip . In addition we have AN — NA, and both groups A 
and N are simply connected. 

Proof. Recall that the existence of the orthonormal basis {6}/ez\{o} as in the statement follows by 
Lemma IS.Tf a). The conditions satisfied by the family {Q;;}/gz\{o} ensure that Xq — Xq g 3. In addition, 
it follows by Lemma [3751 a) that actually Xq G 03. 

On the other hand, since the real numbers in the family {ai}i£z\{Q} a-re mutually different, it follows 
by Proposition 14.31 that Xq is an Iwasawa regular element of qI^ and the Iwasawa decomposition of gl^ 
associated with Xq is = + a^^Xo +^d.Xo ■ To obtain the conclusion we are going to use Corollarv l2.12l 
for g = g = 03, and T = Th.Xo ■ Qh ~^ 3h- To this end it remains to prove that T:i^Xo{o^) C 03. 

Denote Hr — span {^i,^_i,^2,C-2, ... ,CrjC-r} for r > 1. Also let P,. : 7i — > 7i be the orthogonal 
projection onto Hr for r = 1,2,.... Then for arbitrary X £ 03 C J we have lim \\PrXPr ~ X\\:i — 

) — >oo 

by Lemma 14.21 hence lim \\T2,Xo{PrXPr) — 73_Xo(-'^)lb — 0- Thus it will be enough to show that 
Th,Xo{PrXPr) S 03 whenever r > 1. And this follows by the restricted-root space decomposition of the 
finite-dimensional complex reductive Lie algebras o{Hr) ~ o(r, C) for r = 1, 2, . . . . 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 12 . 151 in a fashion 
similar to the one of the proof of Theorem 14.61 □ 



Real groups of type BI. 

Theorem 5.2. Assume that Ti. = 7i+ 7i_ with dim7i+ = dim7i_ and let J : TL ^ TL be a conjugation 

such that J{7i±) C Tij-. Also let ^ = 'j'^ with respect to this orthogonal direct sum decomposition 

of Ti. Then let {C;}/ez\{o} orthonormal basis in Ti. such that J^; = V^i ~ whenever Z G Z \ {0}. 
Pick a family of mutually different real numbers {a/};GZ\{o} satisfying the conditions 

a^i ~ —ai for all I £'L \ {0}, lim ai = 0, and <l>(ai, q;_i, a2, ct-2, . . .) < 00, 

/ — »oo 

and define the self-adjoint operator 

^0= E M-\m&!3{n). 

iez\{o} 

Then Xq is an Iwasawa regular element of Oj{H.+ ,7i-) and the corresponding Iwasawa decomposition is 

(5.2) o:>{n+,H-) = (ua n 0:,{n+,H-)) + (a^Xo n 03(H+,H_)) + (na,Xo n 03(H+,H_)) 

(where uj, (i3,Xo, o,nd na^Xo c"~e the ones defined in Proposition 14 . 3|) . 

Moreover if G stands for the connected 1-component of 0:j{TL+, 'H-), then there exists a global Iwasawa 
decomposition m: K x A x N G corresponding to (|5.2p . In addition we have AN — NA, and both 
groups A and N are simply connected. 

Proof. The existence of the orthonormal basis {6}iez\{o} as in the statement follows by Lemma 13.61 
The conditions satisfied by the family {<^i}iez\{Q} ensure that Xq = Xq G J. In addition, it follows by 
Lemma IH^ a) that actually Xq € 02{Ti.+ ,H^). 

On the other hand, since the real numbers in the family {Q!i}/GZ\{o} are mutually different, it follows 
by Proposition 14.31 that Xq is an Iwasawa regular element of gl-j and the Iwasawa decomposition of gl^ 
associated with Xq is gl^ = uj -j-Oa.Xo +r'a.Xo. Thus the conclusion will follow by applying Corollarv l2.13l 
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for g = glj, go = 02{H+,H-), and T = Th,Xo ■ gtj glj- To this end it only remains to prove that 
Tj.XoiooCH+^H-)) C 03{H+,H-). In order to do so, we denote 

Hr = span{^i,$_i,^2,'C-2, • • ■ ,^r,C-r} whenever r > 1. 

Also let Pr'. Ti, ^ Ti, be the orthogonal projection onto Hr for r — 1,2, ... . Then for arbitrary X G C J 
we have lim \\PrXPr — X\\:i = by Lemma l4T2l hence 

1 — ^oo 

lim \\T:,,Xo{PrXPr) ~ r-,,x,XX)\\j = 0. 

1 — >oo 

Thus it will be enough to show that T-j^XoiPrXPr) G Oa(7Y+,7i_) whenever r > 1. And this follows 
by the restricted- root space decomposition of the finite-dimensional real reductive Lie algebras o(Ti.r fl 
H+,nrnn-):^o{r,r) for r= 1,2,.... 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 1 2 . 1 51 in a fashion 
similar to the one of the proof of Theorem 14.61 □ 



Real groups of type BII. 

Theorem 5.3. Let J : Ti ^ TL a conjugation and J : Ti. Ti. an anti-conjugation such that J J = J J. 
Then let {C;}/ez\{o} orthonormal basis in the Hilbert space Ti. such that J^i = whenever I G 

Z \ {0}, and J^±{2s-i) = Ct2s o,nd J£,±2s = -Ct(2s-i) for s = 1,2, ... . 

Pick a family of real numbers {Q!;}/ez\{o} such that a^i — —a; for all I G 'L \ {0}, Q!2s-i ^ ±a2t-i 
whenever s ^ t and s,t > 1, a2s-i ~ ~a2s for s — 1,2, ... , lim ai — 0, and <i>(ai, a2, a-2, . . . ) < 

/ — >oo 

00, and define the self-adjoint operator 

iez\{o} 

Then Xq is an Iwasawa regular element o/0g(7i) and the corresponding Iwasawa decomposition is 

(5.3) oi,{H) - (ua n o*,{n)) + {a,^x„ n o*,{n)) + (nxxo n o*,{H)) 

(where Uj, cia.Xo; f^i^d n^^Xo '^''6 ones defined in Proposition 14. 3|) . 

Moreover, if G stands for the connected 1-component o/0^(7i), then there exists a global Iwasawa 
decomposition m: K x A x N ^ G corresponding to (|5.3p . In addition we have AN — NA, and both 
groups A and N are simply connected. 

Proof. The existence of the orthonormal basis {S,i}iez\{o} in the statement follows by Lemma 13.61 

Moreover, by Lemma [5T51 we have Xq G 03. On the other hand, since Xq = ^ | £,1)^1 — (• | £,-i)£,^i), 

i>i 

it follows (see the proof of Lemma ISTSF b)) that 

jxqJ-' = I - (• I J^-i)J^-i)- 

1>1 

Now,^since J£±(2s-i) = £,t2s, J£,±2s = -£,^(2s-i), and a2>,-i = -a2s for s = 1, 2, . . . , we see that 
JXqJ-^ = Xq. Thus Xq e g[3(H;H) n 03 o*^{n). 

By using the projections onto the subspaces Tis — span ^2,^-2, ■■• ,C2s,C-2s} and Corol- 
lary 12.131 as in the proof of Proposition 15.21 it then follows that Xq is an Iwasawa quasi-regular element 
of Oj(7i) and the corresponding Iwasawa decomposition looks as asserted. It remains to prove that Xq is 
actually an Iwasawa regular element of 0^(7^). And this fact can be obtained as in the proof of Propo- 
sition |13 Specifically, denote V, = C^s-i + C£^2s VJ = CC_(2s-i) + C^s, and = © VJ for 
s = 1,2,.... Let X = X* e such that [X, Xq] — 0. Since a2s-i 7^ ±a2t-i whenever s t and s,t > 1, 
it follows that X leaves each of the subspaces and V'J invariant for s = 1,2, ... . Since X — X* , it 
follows that X has eigenvectors v'^ G V'g\ {0} and v'^ G V'J \ {0}. Let 7^,7" S K be the corresponding 
eigenvalues, so that Xv'^ = •j'^v'^ and Xv'J — ^Jv'!.. On the other hand the anti-conjugation J satisfies 
JV'g C V'g and JV" C V" hence both and V" have natural structures of quaternionic vector space. 
By counting dimensions, we get = Hw^ and V" = Hd". The operator X G ^[^{TL;^) is C- linear and 
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XJ — JX, hence for every g € H we have X{qv'g) ~ qXv'^ ~ ^^{qv'J, so that X£_ = 7^^ whenever ^ £ V^. 
Similarly XS. = 7"^ whenever ^ e Since H = (V^^VJ), it then follows that [Xi, X2] = whenever 

S>1 

Xj = X* e o5(7i) and [Xj,Xo] = for j = 1, 2. 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 1 2 . 1 51 in a fashion 
similar to the one of the proof of Theorem 14.61 □ 

6. Iwasawa decompositions for groups of type C 

Just as in Sections [3] and [5] we let 7i be a complex separable infinite-dimensional Hilbert space, $ 
a mononormalizing symmetric norming function whose Boyd indices are non-trivial, and denote the 
corresponding separable norm ideal by J = 6|^°^ C B{n). As above, we shall use the methods of Section [2] 
to get global Iwasawa decompositions for classical groups of type C associated with the operator ideal 3. 

Complex groups of type C. 

Theorem 6.1. Let J : Ti ^ Ti he an anti- conjugation and {Ci}iez\{o} tt*^ orthonormal basis in TL such 
that J^±i — tCt' Z*"" ^ ~ 1,2, ... . Now pick a family of mutually different real numbers {cti}i£Z\{o} 
satisfying the conditions 

a-i = ~ai for all I Cz {0}^ lim a; = 0, and $(ai, a2, Q;_2, . . . ) < 00, 

/ — ^oo 

and define the self-adjoint operator 

Xo^ 16)6 gS(W). 

iez\{o} 

Then Xq is an Iwasawa regular element o/spj and the Iwasawa decomposition o/spj associated with Xq 
is 

(6.1) sp3 = (U3 n 5P3) + (axxo n SP3) + (nxxo n SP3) 

(where 113, a^^Xo^ o,''^^ nj.Xo o'^g ihe ones defined in Proposition 14. 3|) . 

Moreover there exists a global Iwasawa decomposition m: K x A x N ^ Sp-j corresponding to (|6.ip . 
In addition we have AN = N A, and both groups A and N are simply connected. 

Proof. One can proceed just as in the proof of Proposition 15.11 now using the orthogonal projection 
Pr'-H. —fH. onto the subspace Tir — spanj^i, ^2, ■^-2, • ■ • , ■f-r} for r — 1,2,.... We omit the 
details. 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 12 . 1 5l in a fashion 
similar to the one of the proof of Theorem 14.61 □ 

Real groups of type CI. 

Theorem 6.2. Let J : TL ^ TL be an anti- conjugation and J : TL TL a conjugation such that J J = J J. 
Assume that {6}iez\{o} orthonormal basis in TL such that J^±i = tC=f' ^'^'^ J^±i ~ C±i for I — 1,2^ ... . 
Now pick a family of mutually different real numbers {ai}i,=z\{o} satisfying the conditions 

a^i = —ai for all I £ Z \ {0}, lim ai = 0, and ^{ai, q;_i, q;2, a_2, . . . ) < 00, 

a — >oo 

and define the self-adjoint operator 

Xo^ ai{-\l)l^B{TL). 
iez\{o} 

Then Xq is an Iwasawa regular element of 5p^{TL;R) and the corresponding Iwasawa decomposition is 

(6.2) spa(W;R) = (uj n sp3(H; R)) + (aa,Xo n sp3(H; M)) 4- (na,Xo n spa(7^; R)) 
(where 113, 113, Xq, and na.A'o ^.re the ones defined in Proposition 14. 3|) . 
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Moreover, if G stands for the connected 1-component of Spj{Ti.;S.), then there exists a global Iwasawa 
decomposition m: K x A x N G corresponding to (|6.3|) . In addition we have AN — NA, and both 
groups A and N are simply connected. 

Proof. The existence of an orthonormal basis as in the statement follows at once by Lemma 13.51 

Let us prove that Xq e sp3(7Y;M) = sp^ n fll3(7i;M). In fact Xq £ sp-, by Proposition 16.11 On the 

other hand, for aU Z G Z \ {0} and 77 e 7i we have J{{ri \ = (6 I v)JZ = [Jv I J^i)Z = [Jv I 6)6, 

whence JXq — XqJ, and thus J e gl^{T-C;M.) as well. 

Moreover, just as in the proof of Theorem 14. 71 it follows that Xq is an Iwasawa quasi-regular element of 
sp^{H;M.) and the corresponding Iwasawa decomposition looks as asserted. Finally, since Xq is Iwasawa 
regular in sp^ by Theorem 16. 11 it follows that it is Iwasawa regular in sp-,(7i;R) as well. 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 1 2 . 1 5l in a fashion 
similar to the one of the proof of Theorem 14.61 □ 

Real groups of type CII. 

Theorem 6.3. Assume that we have an orthogonal direct sum decomposition Ti = 7i+ © Ti- with 
dim7Y_|- = dim7i_, and let J:Ti. ^ Ti. be an anti- conjugation such that J{Ti.±) C 7i±. Also let V = 

(n ?) ^'^'^ respect to this orthogonal direct sum decomposition ofTL. Now let IJ {e^,e^} be an 
\^ ^^J iez\{o} 

orthonormal basis in Ti. such that Jej_i — Te^; o.'i^d Ve^^i = ee^j whenever e G {+, — } and I — 1,2,.... 

Then define fj^ — {ef ± e^)/\/2 for all I £ 'L \ {0}. Pick a family of mutually different real numbers 

{•^i}iGZ\{o} that 

X-i = —A; whenever I £ 'L \ {0}, lim A; = 0, and $(Ai, — Ai, A2, — A2, . . . ) < 00, 

I — ^00 

and define the self-adjoint operator 

xo:= 1 I /r)/r)- 

iez\{o} 

Then Xq is an Iwasawa regular element of sp^ {Ti+ , Ti- ) and the corresponding Iwasawa decomposition 
is 

(6.3) 5P3(7^+,7^_) = (U3 nsp3(?^+,7^_)) + (axx„ nsp3(7^+,7^_)) + (n3,x„ n sp3(7^+,7^_)) 

(where uj, Ci3,Xo, and ng^Xo '^''e the ones defined in Proposition [4?3p. 

Moreover, if G stands for the connected \- component of Sp^{Ti-i-,Ti-), then there exists a global Iwa- 
sawa decomposition m: K x A x N ~* G corresponding to (|6.2p . In addition we have AN = NA, and 
both groups A and N are simply connected. 

Proof. The existence of the orthonormal basis IJ {e^,ej~} follows by Lemma 13.51 Just as in the 

(ez\{o} 

proof of Proposition 14.81 we see that Xq £ U3(7i+,7Y_). On the other hand, Lemma [3.8r b) shows that 
Xq € sp3, and thus £ sp^nu^iTi+^Ti-) ^ spj{Ti+,Ti-). Then, by using Corollary [2T3] along with the 

orthogonal projections on the subspaces Tir — span ( IJ {e^, e^} j for r = 1, 2, . . . , one can prove that 

Xq is an Iwasawa quasi- regular element of 5p^{Ti^,Ti-) and the corresponding Iwasawa decomposition 
looks as asserted. (See the proof of Proposition 14.81 for some more details.) 

Now it remains to show that Xq is actually an Iwasawa regular element of 5p3(7^+, 7^_). To this end 
denote V° = C/++C/I^-, Vj = C/-+C/+J., and = V°®V| for j > 1. Then let X = X* £ apj{Ti+,V.-) 
such that [X, Xq\ = 0. We have A_( = —A; whenever I £ Z \ {0}, hence 

^0 := E^^-((- I //)// + (• I /-.)/r,) - A,((- I /-)/- + (• I /+)/+). 

Since the real numbers {Xj}j>i are mutually different and [X, Xq] = 0, it follows that X leaves both the 
subspaces V° and Vj invariant whenever j = 1,2,.... Now let us keep j G {1, 2, . . . } and e £ {0,1} fixed. 
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Since X — X* , there exist xq G V| \ {0} and to E M. such that Xxq = toXQ. On the other hand, since 

VJ = JV, it follows directly that Ji :— V J is an anti-conjugation on Ti.. In addition, since V fj^^ = f^j 

and Jf±j — T/^ji it follows that the linear subspace V| is invariant under the anti-conjugation Ji. Let us 
endow with the corresponding quaternionic structure. Since dime V| — 2, it follows that dimg V| — 1, 

and thus V| = Hxq- On the other hand X ^ X* G sp3(H+,'H-), hence XV = -VX and XJ^ -JX, 
whence XJi = JiX. Thus X is an H-linear operator with respect to the quaternionic structure defined 
by the anti-conjugation Ji. Now, since V| — Mxq and Xxq = to^o, it follows that the restriction of X to 
Vj is given by the multiplication by the real number to. Since 7i = (V° (BVj), it thus follows that the 

operators in a^^Xo sp-j(7i+, 7i_) commute pairwise, and this completes the proof. 

To prove the assertion on the global Iwasawa decomposition one can use Proposition 1 2 . 1 51 in a fashion 
similar to the one of the proof of Theorem 14.61 □ 



7. Group decompositions for covering groups 

The aim of this short section is to show that the Iwasawa decompositions constructed in Sections [51 
[SJ and [S] can be lifted to any covering groups. We refer to [IIa72l and [Nee02a] for information on the 
homotopy groups of the classical Banach-Lie groups associated with the Schatten ideals. It is easy to 
see that the correspnding description of homotopy groups actually holds true for the classical Banach-Lie 
groups associated with any separable norm ideal. 

Proposition 7.1. Let G be a connected Banach-Lie group, and K, A, and N connected Banach-Lie 
subgroups of G such that the multiplication map m: K x A x N ^ G is a dijjeomorphism. In addition, 
assume that A and N are simply connected and AN — NA. 

Now assume that we have a connected Banach-Lie group G with a covering homomorphism e: G ^ G, 
and define K ;= e^^{K), A :~ e^^{A), and N :— e^^{N). Then K, A, and N are connected Banach-Lie 
subgroups of G and the multiplication map fh: K x A x N ^ G is a diffeomorphism. 

Proof. The proof can be achieved by using straightforward infinite-dimensional versions of some standard 
ideas from the theory of Iwawsawa decompositions of reductive groups (specifically, see the proofs of 
Theorem 6.31 and 6.46 in ^Kn96'). We omit the details. □ 

Corollary 7.2. Let Ti be a complex separable infinite- dimensional Hilbert space, $ a mononormalizing 
symmetric norming function whose Boyd indices are non-trivial, and denote the corresponding separable 
norm ideal by 3 — s|^^ C B{Ti.). Then let m: K x Ax N G be the global Iwasawa decomposition given 
by any of Theorems 14.51 14.61 14.71 14.81 15.21 15.31 16. ll 16.21 and 16.31 for the connected 1-components of real or 
complex classical Banach-Lie groups. Now denote by e: G G any covering group of G. If we define 
K := e~^{K), A := e~'^{A), and N :— e^^(N), then K, A, and N are connected Banach-Lie subgroups 
of G and the multiplication map fh: KxAxN—tGisa diffeomorphism. 

Proof. Use Proposition [73] □ 



Appendix A. Auxiliary facts on operator ideals 

In this appendix we record some facts on operator ideals, stating them under versions appropriate 
for use i n the main body of t he pres ent p aper. We refer to |GK69| . |GK70| . [EF72] . [EL72j . [EFZS] . 
jKW02j ■ |We05| . |DFWW04] . [K W06j . and [Be06j for various special topics involving symmetric norm 
ideals related to the circle of ideas discussed here. 

Let 7i be a complex Hilbert space and a maximal nest in B{TL). That is, *p is a maximal linearly 
ordered set of orthogonal projections on H.. Then we denote Alg*p :— {b g B{H) \ (Vp G *P) bp = pbp} 
(the nest algebra associated with 

In the following statement we need the notion of Boyd indices as used in |Ara78| (see also subsections 
2.17-19 in |DFWW04j ). 
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Theorem A.l. Assume that TL is a complex separable Hilbert space and *p is a maximal nest in B{Ti.). 
Let ^ be a symmetric norming function whose Boyd indices are nontrivial and denote J — 6^'' . Then 
for every a € GL3(7i) such that < a there exist uniquely determined operators d £ GIjj{Ti.) and r £ 3 
satisfying the following conditions: 

• 0<de GLa(H) n Alg<P; 
• r G 3 n Alg*P and the spectrum of r is equal to {0}; 

• a = (1 + r*)d(l +r). 

Proof Theorem 4.1 in [Ara78| and Lemma 4.3 in |EL72| show that Theorem 4.2 in [Er72| (or Theorem 6.2 
in Chapter IV of |GK70| ) apphes for the operator ideals 6i = ©n = S^"*. □ 

Corollary A. 2. Let *p, and 3 be as in Theorem lA.li Then for every g G GL3(7i) there exist the 
operators b G GL^ n Alg*p and u G U3(7i) such that g — ub. 

Proof. By applying Theorem lA.ll for a = g*g we get the operators d G GLjf and r G 3 such that 
g*g = (1 + r*)d{l + r). Now denote c = 1 + r G GL3 n Alg<p. Then g*g = c*dc, d > 0, and all of the 
operators g, c, and d are invertible, hence the operator u :— g{d^^^c)~^ is unitary. On the other hand, 
since < d G GL3, it is straightforward to prove that d^/^ G GL3, whence u G Ua(7i). 

In addition we have b := d^^^c G GLjr n Alg*p and g — ub, and this completes the proof. □ 

Example A. 3. Theorem lA.ll and CoroUarv I A. 2 1 applv in particular for the Schatten ideal 3 = &p{TL) 
if 1 < p < 00. □ 
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